Abstract. It is shown that a closed almost solvable subgroup of an almost connected locally compact group is compactly generated. In particular, every discrete solvable subgroup of a connected locally compact group is finitely generated.
A topological group G is said to be almost solvable ([2, p. 356]) if there is a normal solvable subgroup S such that G=S is compact. It is said to be almost connected if there is a connected normal subgroup C such that G=C is compact. We shall prove the following result.
Main Theorem. A closed almost solvable subgroup of a locally compact almost connected group is compactly generated.
Being compactly generated is a property of a topological group G that is preserved under the formation of arbitrary products and passage to quotients. The passage to a closed subgroup H is problematic (unless G is locally compact and G=H is compact, see [6] and [1, Chapitre 7, §3, Lemma 3]); this is where this note comes in. The essay [11] provides some background. From the Main Theorem it follows, in particular, that a discrete solvable subgroup of an almost connected locally compact group is finitely generated.
Example S. The connected 3-dimensional simple Lie group PSLð2; RÞ contains a discrete free group of infinite rank; such a closed subgroup is not compactly generated.
We remark that a nonabelian free group is countably nilpotent (see e.g. [5, Definition 10.5]); that is, the descending central series terminates at the identity subgroup after o steps. The Main Theorem therefore fails for transfinitely solvable subgroups in place of solvable ones.
A connected semisimple Lie group is noncompact if and only if the quotient modulo its center contains a copy of PSLð2; RÞ, if and only if it contains a discrete nonabelian free subgroup; in other words, a connected Lie group is almost solvable if and only if it does not contain a discrete nonabelian free subgroup.
The following example shows that subgroups of finitely generated solvable groups need not be finitely generated:
Â be the subgroup generated by the two elements a :¼ ð0; 2Þ and b :¼ ð1; 0Þ. Then
is a 2-generator metabelian group, while the abelian subgroup
is not finitely generated.
Thus, in the Main Theorem, the hypothesis 'G=G 0 compact' cannot be relaxed to 'G=G 0 compactly generated'.
For abelian subgroups the Main Theorem will allow us to derive a characterization theorem for compactly generated locally compact abelian groups as follows.
Corollary 1. For a locally compact abelian group A the following conditions are equivalent:
(1) A is compactly generated;
n for a unique largest compact subgroup C and natural numbers k, n; (3) the character groupÂ A is a Lie group; (4a) there is an almost connected locally compact abelian group G and a closed subgroup H such that A G H; (4b) there is an almost connected locally compact group G and a closed subgroup H such that A G H.
This is a Lie group.
(3) ) (2) IfÂ A is a Lie group, then ðÂ AÞ 0 is open and isomorphic to R k l T n for some k and n; it is divisible, whenceÂ
Trivially (4a) ) (4b).
(4b) [7] , [11] ). A closed subgroup of a compactly generated locally compact abelian group is compactly generated.
Proof. We proved (1) ) (2) , (3) in Corollary 1 independently of the Main Theorem. Thus if G is a locally compact compactly generated abelian group, thenĜ G is an abelian Lie group. The character groupÂ A of a closed subgroup A of G, by duality, is a quotient of the Lie groupĜ G and thus is a Lie group. Hence A satisfies (2) and thus is clearly compactly generated. r
A considerable generalization was obtained in 1973 in a paper by Guivarc'h ([2, III.1, p. 347, III.4, p. 352]). He calls a topological group noetherian if every closed subgroup is compactly generated.
Theorem (Theorem of Guivarc'h [2] ). For a locally compact solvable group G, the following conditions are equivalent:
(1) G is noetherian;
(2) each factor group D n ðGÞ=D nþ1 ðGÞ of the descending series of closed commutator subgroups is compactly generated.
Moreover, if G is, in addition, a Lie group, then these conditions are also equivalent to
In particular, every closed subgroup of a locally compact connected solvable group is compactly generated.
This shows that the 2-generator metabelian group G of Example SOL cannot be realized as H=H 0 for a closed subgroup H of a connected solvable Lie group G, let alone be discretely embedded into G. In [12] , Wang described those solvable groups which occur as discrete subgroups of almost connected solvable Lie groups.
Forerunners of the results of Guivarc'h above are to be found in the paper by Mostow (see e.g. [8, Theorem 5.5] ).
As we now begin a proof of the Main Theorem we first reduce it to a result on connected Lie groups and their closed solvable subgroups: Reduction 1. The Main Theorem holds if every closed solvable subgroup H of a connected Lie group G is compactly generated.
Proof. Indeed let G be an almost connected locally compact group and N a compact normal subgroup such that G=N is a Lie group. The existence of N is a consequence of Yamabe's theorem saying that each almost connected locally compact group is a pro-Lie group ( [13] , [14] ). Let H be a closed almost solvable subgroup of G. Then there is a closed solvable subgroup S of H such that H=S is compact. We shall show that S is compactly generated; this will imply that H is compactly generated. Then SN is a closed subgroup and SN=N is a closed solvable subgroup A of the Lie group L ¼ G=N with finitely many components. If our claim is true for connected Lie groups G, then A V L 0 is compactly generated. We may assume L ¼ L 0 A. Then A V L 0 has finite index in A. Therefore A ¼ SN=N is compactly generated. Thus SN is compactly generated. So S is compactly generated. (See [6] or [1, Chapitre VII, §3, Lemma 3].) r Reduction 2. The Main Theorem holds if every closed solvable subgroup H of a connected simple center-free Lie group G is compactly generated.
Proof. By Reduction 1 we may assume that G is a connected Lie group and H a closed solvable subgroup. Let N be that normal subgroup of G which contains the radical R of G such that N=R is the discrete center of the semisimple group G=R. Then G=N is center-free semisimple and so is a direct product S 1 . . . S n of connected simple center-free groups. Let A k be the projection into the factor S k of the solvable group HN=N. Let A be that closed subgroup of G containing N for which A=N ¼ A 1 . . . A n . Assume that the Main Theorem is true for simple center-free connected Lie groups. Then A k is noetherian, and so A=N is noetherian. Since N=R is finitely generated central, A=R is noetherian. Since R J A 0 , this implies that A is noetherian. So H J A is compactly generated. r Lemma 3. In a connected simple center-free Lie group, any closed solvable subgroup is compactly generated.
Proof. Let G be a connected simple center-free Lie group and H a closed solvable subgroup. Via adjoint representation, G is a closed subgroup of AutðgÞ J GLðgÞ J GLðC n gÞ:
The Zariski closure A of H in GLðC n gÞ is a complex linear algebraic group and so A=A 0 is finite (see e.g. 
